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The possibilities for the topology induced on the centre by the proﬁnite topology
of nilpotent groups of class two and ﬁnitely generated centre-by-metabelian groups
are examined. As an application, it is shown that any ﬁnite abelian group can be
embedded in the proﬁnite completion of some countable torsion-free residually
ﬁnite nilpotent group of class two and that of some ﬁnitely generated torsion-free
residually ﬁnite centre-by-metabelian group.  2001 Elsevier Science
1. INTRODUCTION
The proﬁnite topology on a group G is that topology which makes it into a
topological group by declaring that the collection of all subgroups of ﬁnite
index be a neighbourhood base at the identity. The proﬁnite completion Ĝ
of G is the completion with respect to this topology, that is, the inverse
limit
Ĝ = lim←− NfGG/N
of all ﬁnite quotients of G. If G is residually ﬁnite, then G embeds naturally
as a dense subgroup of Ĝ.
It is known that the proﬁnite completion of a torsion-free residually
ﬁnite group need not necessarily be torsion-free. For example, Lubotzky [3]
has shown that there exists a ﬁnitely generated torsion-free residually ﬁnite
group whose proﬁnite completion contains the Cartesian product of all
ﬁnite groups. Slightly less extreme examples have been exhibited by
Kropholler and Wilson [2]. They construct a countable torsion-free residu-
ally ﬁnite nilpotent group of class two and a ﬁnitely generated torsion-free
491
0021-8693/01 $35.00
 2001 Elsevier Science
All rights reserved.
492 martyn quick
residually ﬁnite centre-by-metabelian group, both of whose proﬁnite com-
pletions contain an element of prime order. On the other hand, an
argument of Chatzidakis (see [2, Proposition 2.1]) establishes the following
result.
Proposition 1.1. The proﬁnite completion of a torsion-free residually
ﬁnite abelian group is torsion-free.
Crawley-Boevey et al. [1] show that this conclusion is also true for a
ﬁnitely generated torsion-free residually ﬁnite metabelian-by-ﬁnite group.
In view of these positive results, if G denotes one of the examples of
Kropholler and Wilson, the torsion in the proﬁnite completion Ĝ must lie
in the closure of the centre ZG of G. This closure ZG is isomorphic
to the inverse limit
ZG ∼= lim←−ZG/ZG ∩N
where N again ranges over all normal subgroups of ﬁnite index in G. On
the other hand, if ZG is viewed as an abstract group in its own right,
its proﬁnite completion ẐG is torsion-free, by the above proposition. As
ZG and ẐG are not isomorphic, the topology induced on ZG from
the proﬁnite topology on G cannot coincide with the proﬁnite topology on
ZG.
This last observation motivates the paper. We investigate the topology
that is induced on the centre of a group G from the proﬁnite topology on
G. We show that when G is a countable nilpotent group of class two or
a ﬁnitely generated centre-by-metabelian group, we have a large degree of
control on this induced topology.
We are interested in central extensions of some group G0. In our results,
G0 is respectively countable abelian and ﬁnitely generated metabelian. If G
is a central extension of a ﬁnitely generated nilpotent group, then a quo-
tient of G by a subgroup of ﬁnite index in its centre is a ﬁnitely generated
nilpotent group so is residually ﬁnite. Hence every subgroup of ﬁnite index
in the centre of G is closed in the proﬁnite topology. Therefore, we cannot
improve our results by assuming stronger conditions on G0.
Our two main theorems are as follows.
Theorem A. Let A be a countable torsion-free abelian group with two
countable collections A1A2   	 and B1 B2   	 of subgroups of ﬁnite
index such that
(i)
⋂∞
i=1Ai = 1, and
(ii) no Bj contains an intersection of ﬁnitely many of the Ai.
Then there exists a countable torsion-free residually ﬁnite nilpotent group G of
class two whose centre is isomorphic to A such that
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(a) the copy of each Ai in the centre is closed in the proﬁnite topology
on G, and
(b) the copy of each Bj in the centre is not closed in the proﬁnite topol-
ogy on G.
Note that as the group G constructed is residually ﬁnite, its centre must
necessarily be closed in the proﬁnite topology.
It is clear that assumption (ii) is necessary in Theorem A. Assumption (i)
is used to ensure that a map from A to the group G constructed is an
embedding. On the other hand, we are principally interested in residually
ﬁnite groups and in such, the set of subgroups of the centre which are
open in the induced topology would intersect trivially. Thus, assumption (i)
seems to be an appropriate one.
Theorem B. Let A be a countable torsion-free abelian group with two
countable collections A1A2   	 and B1 B2   	 of subgroups of ﬁnite
index such that
(i) for each k ≥ 0, there is a ﬁnite subset Sk of the intersection
⋂k
i=1Ai
such that
⋃∞
k=0 Sk generates A, and
(ii) no Bj contains an intersection of ﬁnitely many of the Ai.
Then there exists a ﬁnitely generated torsion-free centre-by-metabelian group G
whose centre is isomorphic to A such that
(a) the centre and the copy of each Ai in the centre are closed in the
proﬁnite topology on G, and
(b) the copy of each Bj in the centre is not closed in the proﬁnite topol-
ogy on G.
Furthermore, if
⋂∞
i=1Ai = 1, then G is residually ﬁnite.
Again assumption (ii) is necessary, while assumption (i) is used to embed
a copy of A in the group constructed. The set S0 is some ﬁnite subset of
an empty intersection of subgroups of A; that is, S0 ⊆ A. In the case of
a ﬁnitely generated abelian group A, assumption (i) is clearly satisﬁed.
For other abelian groups, it will hold for many choices of the collection
A1A2   	.
The constructions involved are related to those in [2]. By making suitable
choices for the closed and nonclosed subgroups in Theorems A and B, we
can embed ﬁnite abelian groups in various proﬁnite completions. We prove
the following theorem and so extend the results of [2].
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Theorem C. Let M be any ﬁnite abelian group.
(i) There exists a countable torsion-free residually ﬁnite nilpotent group
of class two whose proﬁnite completion contains a subgroup isomorphic to M .
(ii) There exists a 7-generator torsion-free residually ﬁnite centre-by-
metabelian group whose proﬁnite completion contains a subgroup isomorphic
to M .
Now let Mi  i ∈ 	 be an enumeration of the ﬁnite abelian groups.
Then for each i, part (i) of Theorem C provides us with a countable torsion-
free residually ﬁnite nilpotent group Gi of class two such thatMi embeds in
the proﬁnite completion Ĝi. Let G be the direct product of the Gi. Then
G is countable, residually ﬁnite, torsion-free, and nilpotent of class two.
Furthermore, the proﬁnite completion of G is the Cartesian product of the
proﬁnite completions Ĝi, and so the Cartesian product 
∞
i=1Mi embeds in
Ĝ. This establishes the following corollary.
Corollary D. There exists a countable residually ﬁnite torsion-free nilpo-
tent group G of class two such that every ﬁnite abelian group embeds in the
proﬁnite completion of G.
This corollary is a natural analogue of Lubotzky’s result in the context of
nilpotent groups of class two.
Preliminaries and Overview of the Paper
Basic facts about proﬁnite groups and proﬁnite completions can be found
in Wilson’s monograph [4]. The following lemma is easily established and
will be used throughout our constructions.
Lemma 1.2. A normal subgroup N of a group G is closed in the proﬁnite
topology if and only if G/N is residually ﬁnite.
Section 2 contains the deduction of Theorem C from Theorems A and B.
The remaining two sections contain the constructions needed to establish
these two theorems.
In our constructions, our starting point is a countable torsion-free abelian
group A with two countable collections A1A2   	 and B1 B2   	 of
subgroups of ﬁnite index. We seek to construct a group G with centre A
such that each Ai is closed in the proﬁnite topology on G and each Bj is
not closed.
Suppose we can construct a group G with A ≤ G. Note that ⋂mi=1Ai
has ﬁnite index in A and that this intersection is closed in G if and only
if A1A2    Am are all closed. Hence we may replace each Am by the
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intersection
⋂m
i=1Ai and assume that our ﬁrst collection A1A2   	 of
subgroups satisﬁes
A ≥ A1 ≥ A2 ≥ · · · 
Then Condition (ii) in Theorems A and B becomes the condition
Ai  Bj for all i and j
The constructions for Theorems A and B follow roughly the same strat-
egy. The ﬁrst step is to construct a group G1 with centre isomorphic to A
and where the copy of each Ai is closed in the proﬁnite topology. Next we
construct a group H in which we can control which subgroups of the cen-
tre are closed and which are not. Finally we construct the required group
G as a quotient group of G1 ×H.
2. TORSION IN PROFINITE COMPLETIONS
Let M be a ﬁnite abelian group. Write M = M1 ⊕M2 ⊕ · · · ⊕Md, with
Mi cyclic of order q
ni
i where qi is a prime for each i. Let p be a prime
such that p = qi for all i. Let A be an additively written free abelian group
of rank d with free generating set e1 e2     ed	. Let Ai  i ∈ 	 be an
enumeration of the subgroups
e1 e2     er−1 qnrr pser er+1     ed for 1 ≤ r ≤ d and s ≥ 0
and let Bj  j ∈ 	 be an enumeration of the subgroups B such that
B ∩ er ≤ qnr+1r er for 1 ≤ r ≤ d
Since p = qr for all r, no Bj contains an intersection of ﬁnitely many of
the Ai. Certainly
⋂∞
i=1Ai = 1, while the fact that A is ﬁnitely generated
ensures that Condition (i) of Theorem B is satisﬁed. Hence, we may apply
either Theorem A or Theorem B and deduce the existence of a torsion-free
residually ﬁnite group G (which is either countable and nilpotent of class
two or ﬁnitely generated and centre-by-metabelian) such that ZG = A
and such that each Ai is closed in the proﬁnite topology on G, while no Bj
is closed. Examination of the construction in Section 4 shows that in the
case of Theorem B, the group G can be generated by seven elements. Let
Ĝ be the proﬁnite completion of G.
Lemma 2.1. For each positive integer r, the closure of er in Ĝ contains
an element of order qnrr .
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Proof. Note that by our choice of the subgroups Ai, the subgroup
qnrr er is closed in the topology induced on er by the proﬁnite topol-
ogy on G. Equally our choice of the subgroups Bj ensures that qnr+1r er is
not closed. Thus, the closure of qnr+1r er with respect to this topology is
qnrr er. In particular, qnrr er lies in this closure.
The topology on er is metrizable. Therefore, there is a sequence in
qnr+1r er which converges to qnrr er , say qnrr zn → qnrr er as n→∞, where zn ∈
qrer for each n. Now in the proﬁnite group Ĝ, the sequence zn has
a convergent subsequence, say znk converging to z∞ (which lies in the
closure of er in Ĝ). We now see that qnrr z∞ − er = 0, so the order of
z∞ − er divides qnrr .
Suppose that oz∞ − er = qsr where 0 ≤ s < nr . Then
qsrz∞ = qsrer ∈ er ∩ qs+1r er
(the latter being the closure with respect to the topology on Ĝ). However,
since s < nr , we see qs+1r er is closed in er (with the topology induced
from the proﬁnite topology in G), so er ∩ qs+1r er = qs+1r er. This means
qsrer ∈ qs+1r er, which is impossible. Hence, the order of z∞ − er is qnrr , as
required.
The above lemma provides us with a copy of the cyclic group Mr in Ĝ.
To embed M inside Ĝ, we need to show that the copies of M1M2    Md
generate their direct sum. Since we have Mr embedded in er, this will
follow from the next lemma.
Lemma 2.2. er ∩ e1 e2     er−1 er+1     ed = 1.
Proof. Let x ∈ er ∩ e1 e2     er−1 er+1     ed. Then there exist
sequences xn in er and yn in e1 e2     er−1 er+1     ed which con-
verge to x. Hence, xny−1n  converges to 1 when viewed as a sequence in
A with the topology induced from the proﬁnite topology on G. Hence, for
each i, there exists Ni such that
xny
−1
n ∈ e1 e2     er−1 qnrr pier er+1     ed for all n ≥ Ni
This means that xn ∈ qnrr pier for all n ≥ Ni and it follows that xn
converges to 1 in A. Hence, we must have x = 1.
We have now established Theorem C.
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3. COUNTABLE NILPOTENT GROUPS
Step 1. Let A be a countable torsion-free abelian group with a count-
able collection A1A2   	 of subgroups of ﬁnite index. We assume that⋂∞
i=1Ai = 1. Deﬁne A0 = A and assume, without loss of generality, that
A = A0 ≥ A1 ≥ A2 ≥ · · · 
For each i, choose a subset Si of Ai−1 such that Si ∪ 1	 is a transversal
for Ai in Ai−1. Then Si is a generating set for Ai−1 modulo Ai consisting
of nonidentity elements. The sets Si are pairwise disjoint and
⋃m
i=1 Si is a
generating set for A modulo Am.
Fix m ≥ 0 and construct a group m as follows. Let Lm be the direct
product
Lm =
m∏
i=1
∏
s∈Si
xs ys (1)
where each xs ys is a free nilpotent group of class two and rank two.
Therefore,
ZLm =
m∏
i=1
∏
s∈Si
Zxs ys =
m∏
i=1
∏
s∈Si
xs ys
There exists a surjective homomorphism πm ZLm → A/Am given by
πm xs ys → Ams
for i = 1 2    m and s ∈ Si. Now kerπm is a central subgroup of Lm,
and so we may form the quotient m = Lm/ kerπm.
Let x¯s and y¯s denote the images of xs and ys, respectively, in m, and let
us identify the commutator x¯s y¯s with the image of s in A/Am. Thus, m
is a ﬁnitely generated nilpotent group of class two containing A/Am as a
central subgroup.
Lemma 3.1. For each positive integer m, there is a surjective homomor-
phism φm m → m−1 given, for s ∈ Si, by
x¯s →
{
x¯s if 1 ≤ i ≤ m
1 if i = m y¯s →
{
y¯s if 1 ≤ i ≤ m
1 if i = m (2)
The restriction of φm to A/Am is the natural homomorphism A/Am →
A/Am−1.
To simplify notation we are using x¯s and y¯s to denote the corresponding
elements in both m and m−1.
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Proof. In view of the direct product decomposition (1) of Lm, there is
certainly a surjective homomorphism θm Lm → Lm−1 given, for s ∈ Si, by
xs →
{
xs if 1 ≤ i ≤ m− 1
1 if i = m ys →
{
ys if 1 ≤ i ≤ m− 1
1 if i = m
Hence we have a surjective homomorphism θ¯m Lm → m−1 obtained
by composing θm with the natural map Lm−1 → m−1. Notice that θm
restricts to a surjective homomorphism ZLm → ZLm−1 and therefore
θ¯m restricts to a surjective homomorphism ZLm → A/Am−1.
Consider an element g ∈ kerπm, say
g =
m∏
i=1
∏
s∈Si
xs ysns
for some ns ∈ . Since gπm = 1, we have
m∏
i=1
∏
s∈Si
sns ∈ Am ≤ Am−1
By assumption Sm ⊆ Am−1. Hence, Am−1 must also contain the product∏m−1
i=1
∏
s∈Si s
ns . Therefore,
gθ¯m = gθmπm−1 =
(m−1∏
i=1
∏
s∈Si
xs ysns
)
πm−1 = Am−1
(m−1∏
i=1
∏
s∈Si
Sns
)
= 1
It follows that kerπm ≤ ker θ¯m and there is therefore an induced homo-
morphism φm m → m−1 such that the following diagram commutes:
Lm
θm→Lm−1
nat








nat
m
φm→ m−1
In particular, the claimed formulae (2) deﬁning the homomorphism φm
hold.
Now for s ∈ Si with 1 ≤ i ≤ m− 1, we have
Amsφm = xs ysθmπm−1 = xs ysπm−1 = Am−1s
while for s ∈ Sm,
Amsφm = xs ysθmπm−1 = 1
Hence, as
⋃m
i=1 Si generates A/Am with Am−1/Am = Sm, we see φm
restricts to the natural map A/Am → A/Am−1, as claimed.
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We now have an inverse system i  i = 0 1 2   	 of ﬁnitely generated
nilpotent groups of class two, so we can form their inverse limit  = lim←− i.
We shall view this inverse limit as the usual subgroup,
 = gii≥0  giφi = gi−1 for all i ≥ 1	
of the Cartesian product ∞i=0 i. For i ∈  and s ∈ Si, deﬁne
xˆs = 1 1     1︸ ︷︷ ︸
i times
 x¯s x¯s   
yˆs = 1 1     1︸ ︷︷ ︸
i times
 y¯s y¯s   
and
sˆ = 1 1     1
︸ ︷︷ ︸
i times
AisAi+1s    = A0sA1sA2s   
Then xˆs yˆs, and sˆ are elements of  such that xˆs xˆt = yˆs yˆt = 1 and
xˆs yˆt =
{
sˆ if s = t
1 if s = t
for all s and t. Let
G0 = xˆs yˆs  s ∈ Si i ≥ 1 ≤ 
Then G0 is a countable nilpotent group of class two containing the central
subgroup
Z = sˆ  s ∈ Si i ≥ 1
Deﬁne a map ψ A →  by a → Aiai≥0. As the restriction φmA/Am
is the natural map A/Am → A/Am−1, certainly imψ ≤ . Now kerψ =⋂∞
i=0Ai, which by assumption is trivial. Thus, A
∗ = Aψ is an isomorphic
copy of A in . Since A/Am ≤ Zm for all m, we see A∗ ≤ Z.
Finally, deﬁne G1 = G0A∗. We shall demonstrate that G1 satisﬁes the
properties we require in the ﬁrst stage of our construction; namely, G1 is
the group claimed to exist in the following result.
Proposition 3.2. Let A be a countable torsion-free abelian group with a
collection A1A2   	 of subgroups of ﬁnite index such that
A ≥ A1 ≥ A2 ≥ · · · and
∞⋂
i=1
Ai = 1
Then there exists a countable torsion-free residually ﬁnite nilpotent group G1
of class two whose centre is isomorphic to A and such that the copy of each
Ai in the centre is closed in the proﬁnite topology on G1.
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Certainly G1 is a countable nilpotent group of class two which contains
the central subgroup A∗ isomorphic to A.
Lemma 3.3. ZG0 = Z.
Proof. Let γ ∈ G0. We can write
γ =
( r∏
i=1
∏
s∈Si
xˆ
ms
s yˆ
ns
s
)
z
for some r ∈ , some ms ns ∈ , and some z ∈ Z. If γ ∈ Z, then either
ms = 0 or ns = 0 for some s in some Si. Suppose that ms = 0. Then
γ yˆs = xˆs yˆsms = sˆms 
If γ ∈ ZG0, then sˆms = 1, so sms ∈ Am for all m. Hence, sms = 1. Since A
is torsion-free and s = 1, this is a contradiction. Clearly the same conclusion
follows if ns = 0. Thus if γ ∈ ZG0, then γ ∈ Z. As we already know that
Z is central in G0, the lemma now follows.
Corollary 3.4. ZG1 = A∗.
Proof. We know that A∗ ≤ Z and we observe that sˆ = sψ for all
s ∈ Si and all i, so that Z ≤ A∗. Suppose γa ∈ ZG1 with γ ∈ G0 and
a ∈ A∗. Then γa commutes with all elements of G0 and therefore so does
γ. Hence, γ ∈ ZG0 = Z, so γa ∈ A∗. Thus, ZG1 = A∗.
Corollary 3.5. G1 is torsion-free.
Proof. As G1 is nilpotent, if it possessed torsion, then so would its cen-
tre. However, we have assumed A∗ to be torsion-free, so there can be no
torsion in G1.
Deﬁne A∗m = Amψ, the copy of Am in the centre of G1.
Lemma 3.6. A∗ and every A∗m are closed in the proﬁnite topology on G1.
Proof. There exist surjective natural maps ρm  → m for each m ≥ 0
such that the following diagram commutes:

ρm→m
ρm−1
❙
❙
❙✇





φm
m−1
Indeed, ρm is the restriction to  of the mth projection map 
∞
i=0 i → m.
Let γ ∈ G1\A∗, say
γ =
( r∏
i=1
∏
s∈Si
xˆ
ms
s yˆ
ns
s
)
a
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for some r ∈ , some ms ns ∈ , and some a ∈ A∗. Since γ /∈ A∗, either
ms = 0 or ns = 0 for some s in some Si. Then
γρr =
( r∏
i=1
∏
s∈Si
x¯
ms
s y¯
ns
s
)
aρr
with aρr ∈ A/Ar . Now r/A/Ar is naturally isomorphic to Lr/ZLr and
is a direct product of inﬁnite cyclic groups,
r∏
i=1
∏
s∈Si
xs × ys
so is residually ﬁnite. The element γρr has nonidentity image in r/A/Ar,
since either ms = 0 or ns = 0 for some s in some Si. Hence, there is
a normal subgroup N0 of ﬁnite index in r such that A/Ar ≤ N0 and
γρr /∈ N0. LetM0 = N0ρ−1r , the inverse image of N0 in . ThenM0 has ﬁnite
index in , γ /∈ M0, and A∗ ≤ M0. Hence, M0 ∩G1/A∗ is a subgroup of
ﬁnite index in G1/A∗ which does not contain γA∗. Hence we have shown
G1/A
∗ is residually ﬁnite; that is, A∗ is closed in the proﬁnite topology on
G1.
Now let m ∈ . As m is a ﬁnitely generated nilpotent group, it is resid-
ually ﬁnite. Hence, as A/Am is a ﬁnite subgroup of m, there exists a nor-
mal subgroup Nm of ﬁnite index in m such that Nm ∩ A/Am = 1. LetMm = Nmρ−1m , the inverse image of Nm in . Then Mm has ﬁnite index in
, so Mm = Mm ∩G1 is a normal subgroup of ﬁnite index in G1. Now if
g ∈Mm ∩A∗, then gρm ∈ Nm ∩ A/Am = 1, so
Mm ∩A∗ ≤ ker ρm ∩A∗ = A∗m
Conversely, it is certainly true that ker ρm ≤ Mm, so we see that Mm ∩
A∗ = A∗m. Now Mm is open (as it has ﬁnite index), while A∗ is closed
in the proﬁnite topology on G1, so A∗m is closed in the proﬁnite topology
on G1.
Corollary 3.7. G1 is residually ﬁnite.
Proof. This follows since G1/A∗m is residually ﬁnite for all m and we
have
⋂∞
m=1A
∗
m = 1.
Proposition 3.2 now follows from Corollaries 3.5, 3.7, and 3.4 and
Lemma 3.6.
Step 2. In this step, we construct the group H where we can control
which subgroups of the centre are closed and which are not. Let E be a
free abelian group of countably inﬁnite rank with basis e1 e2   	. Let L
be the direct product
L = ∏
1≤i≤j
xij yij (3)
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of countably many subgroups, each of which is a free nilpotent group of
class two and rank two. The centre is
ZL = ∏
1≤i≤j
xij yij
There exists a surjective homomorphism π ZL → E given by
π xij yij → ej
for all i j ∈  with i ≤ j. Now kerπ is a central subgroup of L, so we may
form the quotient H = L/ kerπ.
Thus ZL/ kerπ is a central subgroup of H isomorphic to E. Let x¯ij and
y¯ij denote the images of xij and yij , respectively, in H, and let us identify
the commutator x¯ij y¯ij with the element ej in E.
For each m ∈ , deﬁne Em = ei  i ≥ m.
Lemma 3.8. (i) A subgroup of E which contains Em for somem is closed
in the proﬁnite topology on H.
(ii) Every subgroup of ﬁnite index in H contains Em for some m.
Proof. (i) Let D ≤ E and suppose Em ≤ D. Let D be the inverse
image of D under the natural map L→ H. Then D ≤ ZL and D contains
xij yij  j ≥ m 1 ≤ i ≤ j. Let
P1 = xij yij  1 ≤ i ≤ j < m and P2 = xij yij  j ≥ m 1 ≤ i ≤ j
In view of the direct product decomposition (3) of L, we have
P2 ∩ ZL = xij yij  j ≥ m 1 ≤ i ≤ j ≤ D
Now
D = D ∩ P1 × P2 ∩ ZL
for if g ∈ D, say g = g1g2 where g1 ∈ P1 ∩ ZL and g2 ∈ P2 ∩ ZL ≤ D,
then g1 = gg−12 ∈ D ∩ P1. Thus,
H/D ∼= L/D = P1/D ∩ P1 × P2/P2 ∩ ZL
Now P1/D ∩ P1 is a ﬁnitely generated nilpotent group, so is residually
ﬁnite, while P2/P2 ∩ ZL is a direct product of inﬁnite cyclic groups,
∞∏
j=m
j∏
i=1
xij × yij
so is residually ﬁnite. Hence, H/D is residually ﬁnite and so D is closed in
the proﬁnite topology on H.
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(ii) Let M be a subgroup of ﬁnite index in H, which we may sup-
pose, without loss of generality, is normal. Suppose M does not contain Em
for any m. Then there exists a strictly increasing sequence nj of positive
integers such that enj /∈M for all j. Now as H M is ﬁnite, we must have
Mx¯inj =Mx¯knl for two distinct pairs i j and k l. Then
M =Menl =Mx¯knl  y¯knl  =Mx¯inj  y¯knl  =M
which is a contradiction. Hence, M must contain Em for some m.
Step 3. Now suppose in addition that A has a countable collection
B1 B2   	 of subgroups of ﬁnite index such that Ai  Bj for all i and j.
We now construct the group G we seek using the groups G1 and H from
Proposition 3.2 and Lemma 3.8. Let B∗j = Bjψ, the copy of Bj in the centre
of G1. Deﬁne a sequence aii∈ of elements of A∗ with the following
properties:
(A1) ai ∈ A∗i \1	 for all i;
(A2) for every pair of positive integers j and k, there exists i > k
such that ai /∈ B∗j .
This is possible since Ai  Bj for all i and j.
Now deﬁne a homomorphism φ E → A∗ by
eiφ = ai for i = 1 2    
Let . = gφ g  g ∈ E	, viewed as a subgroup of A∗ × E, and hence as
a central subgroup of G1 ×H. Deﬁne G = G1 ×H/.. We shall demon-
strate that G has the properties required by Theorem A.
Certainly G is a countable nilpotent group of class two. We shall view G1
and H as being embedded naturally in the direct product G1 ×H. Then
G1 ∩. = 1, so A∗./. is a central subgroup of G which is isomorphic to A.
Lemma 3.9. ZG = A∗./..
Proof. Let .g h ∈ ZG with g ∈ G1 and h ∈ H. Then .g h com-
mutes with .γ 1 for all γ ∈ G1. Thus, g γ 1 ∈ . for all γ ∈ G1, so
g γ = 1. Hence, g ∈ ZG1 = A∗.
Now consider the element h ∈ H, say
h = x¯m1111 x¯m1212 · · · x¯mrrrr y¯n1111 y¯n1212 · · · y¯nrrrr z
for some r ∈ , some mij nij ∈ , and some z ∈ E. If h /∈ E, then either
mij = 0 or nij = 0 for some i and j. Suppose that mij = 0. Then
h y¯ij = x¯ij y¯ijmij = e
mij
j
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and
e
mij
j φ = a
mij
j = 1
since aj is a nonidentity element in A
∗
j and so has inﬁnite order. Thus,
.g h .1 y¯ij = .1 h y¯ij = .1 e
mij
j  = 1
contrary to assumption. The same conclusion occurs if nij = 0 and so we
must have h ∈ E.
Now
g h = ghφ−1 1 · hφh ∈ A∗.
and ZG = A∗./. now follows.
Corollary 3.10. G is torsion-free.
Note that A∗i ./. is the copy of Ai in the centre of G, while B
∗
j ./. is
the copy of Bj .
Lemma 3.11. A∗./. and every A∗m./. are closed in the proﬁnite topol-
ogy on G.
Proof. We have ZG = A∗./. and A∗. = A∗ × E. Thus
G/ZG ∼= G1/A∗ ×H/E
is a residually ﬁnite group, by Lemmas 3.6 and 3.8(i) (with m = 1), and so
ZG = A∗./. is closed in the proﬁnite topology on G.
By Lemma 3.6, there is a normal subgroup Mm of ﬁnite index in G1 such
that Mm ∩A∗ = A∗m. Now A∗m. has ﬁnite index in A∗. (as A∗./A∗m. ∼=
A/Am) and since
1 ei = a−1i  1 · eiφ ei ∈ A∗m.
for i ≥ m, by Condition (A1), we have Em ≤ A∗m.. Lemma 3.8(i) now
ensures that A∗m. ∩E is open in the subspace topology on E induced from
the proﬁnite topology on H. Thus, there exists a normal subgroup N of
ﬁnite index in H such that N ∩ E ≤ A∗m. ∩ E. It now follows that
Mm ×N ∩ A∗ × E ≤ A∗m.
Thus A∗m. is open in the subspace topology on A
∗ × E induced from the
proﬁnite topology on G1 ×H. Since A∗ × E is closed in G1 ×H (by the
previous paragraph), we see A∗m. is closed in the proﬁnite topology on
G1 ×H. Finally,
G1 ×H
A∗m.
∼= G
A∗m./.

so the latter group is residually ﬁnite and A∗m./. is closed in the proﬁnite
topology on G.
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Corollary 3.12. G is residually ﬁnite.
We complete the proof of Theorem A by establishing our ﬁnal lemma of
this section.
Lemma 3.13. For each m ∈ , the subgroup B∗m./. is not closed in the
proﬁnite topology on G.
Proof. Suppose B∗m./. is closed in the proﬁnite topology on G. Then
as
G
B∗m./.
∼= G1 ×H
B∗m.

we see that B∗m. is closed in the proﬁnite topology on G1 × H. Hence,
B∗m. is open in the subspace topology on A
∗ × E, so there exists a sub-
group N of ﬁnite index in G1 ×H such that N ∩ A∗ ×E ≤ B∗m.. Now by
Lemma 3.8(ii), N ∩E contains En for some n. However, by Condition (A2),
there exists i > n such that ai /∈ B∗m. We have ei ∈ En ≤ N ∩ E, so
1 ei ∈ N ∩ A∗ × E ≤ B∗m.
Therefore 1 ei = b 1 · gφ g for some b ∈ B∗m and some g ∈ E. This
forces g = ei and gφ = b−1 ∈ B∗m. However, eiφ = ai /∈ B∗m, so this is a
contradiction. Hence, B∗m./. is not closed in the proﬁnite topology on G,
as claimed.
4. FINITELY GENERATED CENTRE-BY-
METABELIAN GROUPS
Step 1. Let R1 and R2 denote respectively the Laurent polynomials rings
XX−1 and XX−1 YY−1. Then U1 = X is the group of units in
R1, while U2 = XY  is that in R2. For i = 1 2, deﬁne Hi to be the matrix
group
Hi =


1 Ri Ri
0 Ui Ri
0 0 1

 ≤ GL3Ri
Then Hi is a centre-by-metabelian group which can be generated by i + 2
elements with centre
ZHi =


1 0 Ri
0 1 0
0 0 1

 
There is an isomorphism θi from the additive group of Ri to ZHi given
by r → 1+ re13. (We write eαβ for the matrix with a 1 in the αβ-entry
506 martyn quick
and zero elsewhere.) Also note Hi/ZHi is isomorphic to the restricted
wreath product 2 wr i, so is residually ﬁnite and torsion-free.
The case i = 1 of the following result is [2, Lemma 3.4] in the case when
their n = 1. It will be H2 that plays the role of the group H in this second
construction.
Lemma 4.1. (Kropholler–Wilson [2]). Let i = 1 or 2.
(i) If N is a normal subgroup of ﬁnite index in Hi, then there is an
ideal I of ﬁnite index in Ri such that Iθi ≤ N .
(ii) If I is an ideal of ﬁnite index in Ri, then Iθi is closed in the proﬁnite
topology on Hi.
We omit the proof, referring instead to [2]. Note, however, that the proof
in [2] may be simpliﬁed in our situation. If N is a normal subgroup of ﬁnite
index in Hi, deﬁne
J1 = r ∈ Ri  1+ re12 ∈ NZHi	
J2 = r ∈ Ri  1+ re23 ∈ NZHi	
and J = J1 ∩ J2. Since NZH0  Hi, both J1 and J2 are closed under
addition and under multiplication by monomials. Hence, J1, J2, and J are
ideals of Ri. Following [2], it may be shown that J2 is an ideal of ﬁnite
index in Ri such that J2θi ≤ N .
It is an immediate consequence of this lemma that θi Ri → ZHi is a
topological isomorphism, where we endow the additive group of the Lau-
rent polynomial rings with the proﬁnite ideal topology and the centres of
the matrix groups with the subspace topology induced from the proﬁnite
topology on Hi.
Step 2. Let A be a countable torsion-free abelian group with a count-
able collection A1A2   	 of subgroups of ﬁnite index. Deﬁne A0 = A
and assume that
A ≥ A1 ≥ A2 ≥ · · · 
For the construction in this section we make the further assumption that
there exist ﬁnite subsets Si = si1 si2     sidi	 of Ai (for i = 0 1   ) such
that
⋃∞
i=0 Si generates A. Let p be an odd prime.
Let tmm≥0 denote the sequence
1 s01 s02     s0d0 s11 s12     s1d1 s21   
and deﬁne a homomorphism φ from the additive group of R1 = XX−1
to A by
Xkφ = tm
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where pm is the largest power of p dividing k. Since
⋃∞
i=1 Si generates A,
we see φ is surjective. Let K = kerφ. Then Kθ1 is a central subgroup
of H1 such that ZH1/Kθ1 is an isomorphic to R1/K, and hence to A.
Let G1 = H1/Kθ1 and A∗ = ZH1/Kθ1, an isomorphic copy of A in the
centre of G1.
We shall demonstrate that G1 satisﬁes the properties we require in the
ﬁrst stage of our construction; namely, G1 is the group claimed to exist in
the following result.
Proposition 4.2. Let A be a countable torsion-free abelian group with a
collection A0A1A2   	 of subgroups of ﬁnite index such that
A = A0 ≥ A1 ≥ A2 ≥ · · ·
and assume that for each i ∈  there is a ﬁnite subset Si of Ai such
that
⋃∞
i=0 Si generates A. Then there exists a ﬁnitely generated torsion-free
centre-by-metabelian group G1 whose centre is isomorphic to A and such that
the centre and the copy of each Ai in the centre are closed in the proﬁnite
topology on G1. Furthermore, if
⋂∞
i=0Ai = 1, then G1 is residually ﬁnite.
Certainly G1 is a ﬁnitely generated centre-by-metabelian group which
contains the central subgroup A∗ isomorphic to A.
Lemma 4.3. ZG1 = A∗.
Proof. A straightforward calculation shows that a matrix in H1 is cen-
tral modulo ZH1 if and only if it is in ZH1. This forces ZG1 =
ZH1/Kθ1 = A∗.
Corollary 4.4. G1 is torsion-free.
Proof. Since A∗ and G1/A∗∼= 2 wr  are torsion-free, so is G1.
Let Ai = Aiφ−1, the inverse image ofAi in R1 under the homomorphism
φ R1 → A. Then Ai/K ∼= Ai and A∗i = Aiθ1/Kθ1 is the isomorphic copy
of Ai in A∗.
Lemma 4.5. A∗ and every A∗m are closed in the proﬁnite topology on G1.
Proof. SinceG1/A∗ ∼= 2 wr , it is residually ﬁnite, and soA∗ is closed
in the proﬁnite topology on G1.
Let m ∈ . Now ⋃∞i=m Si ⊆ Am, and so
tk tk+1    ≤ Am
where k = d0 + d1 + · · · + dm−1 + 1. Let i ∈  and let pj be the largest
power of p dividing i. If j < k, then pj is also the largest power of p
dividing pk + i, so
(
Xp
k+i −Xi)φ = tjt−1j = 1 ∈ Am
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On the other hand, if j ≥ k, then the largest power of p dividing pk + i is
pl where l ≥ k. Hence,
(
Xp
k+i −Xi)φ = tlt−1j ∈ Am
as both tl and tj belong to Am. Thus, rφ ∈ Am for all r in the ideal of R1
generated by Xp
k − 1. Furthermore, if n = A  Am, then
nf Xφ ∈ Am for all f X ∈ R1
Thus, Am contains the ideal Im = Xpk − 1 n of R1. Now Im has ﬁnite
index in R1, so that Am is open in the proﬁnite ideal topology on R1. Thus,Amθ1 is open in the subspace topology on ZH1 induced from the proﬁnite
topology on H1. Hence H1 has a normal subgroup N of ﬁnite index such
that N ∩ ZH1 ≤ Amθ1. Now,
N ·Kθ1 ∩ ZH1 = N ∩ ZH1 ·Kθ1 ≤ Amθ1
so N ·Kθ1/Kθ1 is a normal subgroup of ﬁnite index in G1 such that
N ·Kθ1/Kθ1 ∩A∗ ≤ A∗m
HenceA∗m is open in the subspace topology onA
∗ induced from the proﬁnite
topology onG1, so asA∗ is closed inG1, we seeA∗m is closed inG1.
An immediate consequence is the following result, which completes the
proof of Proposition 4.2.
Corollary 4.6. If
⋂∞
i=1Ai = 1, then G1 is residually ﬁnite.
Step 3. Now suppose in addition that A has a countable collection
B1 B2   	 of subgroups of ﬁnite index such that Ai  Bj for all i and j.
Let Bj = Bjφ−1. Then Bj/K ∼= Bj and B∗j = Bjθ1/Kθ1 is the isomorphic
copy of Bj in A∗.
Fix a positive integer k. Let D = A∗k ∩
(⋂k
i=1 B
∗
i
)
, a subgroup of ﬁnite
index in A∗, and let C = ⋂∞i=1A∗i D, which is a subgroup of A∗k, since
A∗kD = A∗k. Let Ci = C ∩A∗i for i = 1 2    . Now as D has ﬁnite index
in A∗, there are only ﬁnitely many subgroups between A∗ and D. Hence,
C = A∗l D = A∗l+1D = · · ·
for some l. Thus, Ci = A∗i D ∩A∗i = A∗i for all i ≥ l. Hence, if Ci ≤ B∗j for
some i and j, we would have A∗m ≤ B∗j whenever m ≥ maxi l	, contrary
to our assumption. Thus,
Ci  B
∗
j for all i and j (4)
Now, DA∗i ∩ C = DA∗i ∩ C. Hence,
C = DCi for all i (5)
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Now deﬁne a function f   → 1 2     k	 by f n ≡ n(mod k). The
following result is closely related to [2, Lemma 3.6]. The major difference
here is that we may allow k to vary and hence obtain an inﬁnite number of
sequences of the type provided by the lemma.
Lemma 4.7. There is a sequence aii∈ of elements of C such that
(i) a0 = 1;
(ii) apm ∈ Cm\B∗f m for all m ≥ 0;
(iii) if i is not a power of p, then ai ∈ D;
(iv) if i ≡ j (mod pm+1), then ai ≡ aj (mod Cm).
Proof. Let us suppose inductively that for some n we have deﬁned ai
for i < n such that the above four conditions hold whenever i j < n.
Case 1. n = pα, a prime power.
Deﬁne apα to be any element in Cα\Bf α. Equation (4) ensures that such
an element exists. Deﬁne a−pα = 1. Certainly Conditions (i)–(iii) now hold
for i j ≤ n. We shall check that Condition (iv) holds. Let pk+1 divide
i− j, where we may suppose i = ±pα.
Subcase 1a: i = n = pα and j < n. We have i− j < 2n ≤ pα+1, so the
largest power of p that can divide i − j is pα. Thus, k+ 1 ≤ α. Hence, we
see pk+1 divides i, so pk+1 divides j. By induction, aj ≡ a0 = 1 (mod Ck),
while by our choice ai ∈ Cα ≤ Ck. Thus, ai ≡ aj (mod Ck), as required.
Subcase 1b: i = −n = −pα and j < n. As in Subcase 1a, we see pk+1
divides both i and j, so by induction aj ≡ a0 = 1 (mod Ck), while by choice
ai = 1 ∈ Ck. Thus, ai ≡ aj (mod Ck).
Subcase 1c: i = −j = n = pα. We have i− j = 2n ≤ pα+1, so the largest
power of p that divides i − j is at most pα+1. Hence, k ≤ α. Now aia−1j =
ai ∈ Cα ≤ Ck, so we do have ai ≡ aj (mod Ck).
This establishes Condition (iv) in Case 1.
Case 2. n is not a power of p, say pα < n < pα+1 for some α. Choose
m to be maximal such that pm divides n− i for some i with i < n and let
l be least such that l < n and pm divides n − l. Note that if l ≥ 0, then
we have n− l ≤ n < pα+1 so m ≤ α. Hence,
l − pm ≥ −pm ≥ −pα > −n
This means that we could replace l by l − pm, contrary to the minimality
of l. Hence, we must have l < 0 and, in particular, l is not a power of p.
Deﬁne an = al ∈ D. To deﬁne a−n, we make use of Eq. (5). It ensures that
there exist elements cn ∈ Cm and dn ∈ D such that a−l = dncn. We deﬁne
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a−n = dn ∈ D. Certainly Conditions (i)–(iii) now hold for i j ≤ n. We
shall check that Condition (iv) holds. Let pk+1 divide i− j, where we may
suppose i = ±n.
Subcase 2a: i = n and j < n. By maximality of m, we have k+ 1 ≤ m.
Hence, pk+1 divides n− l, so we see it also divides l− j. Hence, an = al ≡
aj (mod Ck), by induction.
Subcase 2b: i = −n and j < n. Note that pk+1 divides n + j, so by
maximality of m, we have k + 1 ≤ m. Hence, pk+1 divides n − l, so we
see it also divides l + j. Hence, by induction, a−l ≡ aj (mod Ck). Now
a−l = dncn ≡ dn = a−n (mod Cm) and Cm ≤ Ck. Thus, a−n ≡ aj (mod Ck).
Subcase 2c: i = −j = n. We have i − j = 2n < 2pα+1 and we know
pk+1 divides 2n. Since p is odd, we see pk+1divides n and maximality of m
ensures k + 1 ≤ m. Hence, pk+1 divides n − l, so we see it also divides l.
Hence, by induction, an = al ≡ a0 = 1 (mod Ck). Also, a−n = dn ≡ dncn =
a−l (mod Cm) and Cm ≤ Ck, while by induction, a−l ≡ a0 = 1 (mod Ck).
Thus, an ≡ a−n (mod Ck).
This establishes Condition (iv) in Case 2 and completes the proof of the
lemma.
For the group we construct, we allow the positive integer k to vary. Thus,
we shall apply Lemma 4.7 inﬁnitely many times to construct elements aki
in A∗ (where i ∈  and k ∈ ) such that
(B1) ak0 = 1 for all k;
(B2) a0i = 1 for all i;
(B3) akpm ∈ A∗m\B∗m′ , for all m ≥ 0 and all k ≥ 1 (where m′ ∈
1 2     k	 is deﬁned by m′ ≡ m (mod k));
(B4) if i is not a power of p, then aki ∈
⋂k
i=1 B
∗
i ;
(B5) if i ≡ j (mod pm+1), then aki ≡ akj (mod A∗m);
(B6) aki ∈ A∗k for all i and all k ≥ 1.
(Note that in Lemma 4.7, we have Cm ≤ A∗m and D ≤
⋂k
i=1 B
∗
i )
Now deﬁne a homomorphism ψ from the additive group of the ring
R2 = XX−1 YY−1 to A∗ by
XiY jψ = aki 
where pk is the largest power of p dividing j. Let . = rψ rθ2  r ∈ R2	,
viewed as a central subgroup of G1 ×H2. Deﬁne G = G1 ×H2/.. We
shall demonstrate that G has the properties required by Theorem B.
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Certainly G is a ﬁnitely generated centre-by-metabelian group as both
G1 and H2 are. Indeed, we see G is 7-generated. We shall view G1 and H2
as being embedded naturally in the direct product. Then G1 ∩ . = 1 (as θ2
is injective), so A∗./. is central subgroup of G which is isomorphic to A.
Lemma 4.8. ZG = A∗./..
Proof. Let .g h ∈ ZG with g ∈ G1 and h ∈ H2. Then .g h com-
mutes with .γ 1 for all γ ∈ G1. Thus, g γ 1 ∈ . for all γ ∈ G1, so
g γ = 1. Hence, g ∈ ZG1 = A∗.
The element h is central in H2 modulo H2 ∩ . ≤ ZH2, so it must lie
in ZH2 = R2θ2, say h = rθ2 for some r ∈ R2. Thus,
g h = g rθ2 = grψ−1 1 · rψ rθ2 ∈ A∗.
and ZG = A∗./. now follows.
Corollary 4.9. G is torsion-free.
Proof. We have ZG = A∗./. = A∗ × ZH2/.. Thus,
G/ZG ∼= G1/A∗ ×H2/ZH2 ∼= H2/ZH2 ×H2/ZH2
Hence, ZG ∼= A∗ and G/ZG are torsion-free, so G is torsion-free.
Note that A∗i ./. is the copy of Ai in the centre of G, while B
∗
j ./. is
the copy of Bj .
Lemma 4.10. A∗./. and every A∗m./. are closed in the proﬁnite topol-
ogy on G.
Proof. We already know that ZG = A∗./. and
G/ZG ∼= H2/ZH2 ×H2/ZH2
a direct product of residually ﬁnite groups. Hence, A∗./. is closed in the
proﬁnite topology on G.
By Lemma 4.5, there is a normal subgroup M of ﬁnite index in G1 such
that M ∩A∗ ≤ A∗m.
Now, by Condition (B5), we have
Xpm+iY j −XiY jψ =
(
a
k
pm+i
)(
a
k
i
)−1
∈ A∗m
where pk is the largest power of p dividing j. Hence, rψ ∈ A∗m for all r in
the ideal of R2 generated by Xp
m − 1.
Let pk be the largest power of p dividing j. If k < m, then pk is also
the largest power of p dividing pm + j, so
XiYpm+j −XiY jψ =
(
a
k
i
)(
a
k
i
)−1
= 1 ∈ Am
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On the other hand, if k ≥ m, then the largest power of p dividing pm + j
is pl where l ≥ m. Hence,
XiYpm+j −XiY jψ =
(
a
l
i
)(
a
k
i
)−1
∈ A∗m
as both ali and a
k
i belong to A
∗
m by Condition (B6). Thus, rψ ∈ A∗m for
all r in the ideal of R2 generated by Yp
m − 1.
Furthermore, if n = A  Am, then
nf Xψ ∈ A∗m for all f X ∈ R2
Thus, all elements of the ideal Jm = Xpm − 1 Ypm − 1 n of R2 are
mapped into A∗m by ψ. Now Jm has ﬁnite index in R2, so Jmθ2 is open
in the topology on ZH2 induced by the proﬁnite topology on H2. Hence
H2 has a normal subgroup N of ﬁnite index such that N ∩ ZH2 ≤ Jmθ2.
Now we have
M ×N ∩A∗. = M ×N ∩ A∗ × ZH2 ≤ A∗m × Jmθ2 ≤ A∗m.
as if r ∈ Jm, then rψ ∈ A∗m, so
1 rθ2 = rψ−1 1 · rψ rθ2 ∈ A∗m.
Thus, A∗m. is open in the subspace topology on A
∗. induced from the
proﬁnite topology on G1 × H2. Since A∗. is closed in G1 × H2, we see
A∗m. is closed in G1 ×H2. Finally,
G1 ×H2
A∗m.
∼= G
A∗m./.

so the latter group is residually ﬁnite and A∗m./. is closed in the proﬁnite
topology on G.
Corollary 4.11. If
⋂∞
i=1Ai = 1, then G is residually ﬁnite.
We complete the proof of Theorem B by establishing our ﬁnal lemma.
Lemma 4.12. For each m ∈ , the subgroup B∗m./. is not closed in the
proﬁnite topology on G.
Proof. Suppose B∗m./. is closed in the proﬁnite topology on G. Then
as
G
B∗m./.
∼= G1 ×H2
B∗m.

we see B∗m. is closed in the proﬁnite topology on G1 ×H2. Hence, B∗m.
is open in the subspace topology on A∗ × ZH2, so there exists a normal
subgroup N of ﬁnite index in G1 × H2 such that N ∩ A∗ × ZH2 ≤
subspace topologies 513
B∗m.. Now, N ∩ ZH2θ−12 is open in the proﬁnite ideal topology on R2.
Therefore, there exists some ideal I of ﬁnite index in R2 such that Iθ2 ≤
N ∩ ZH2.
Let l = R2  I and choose a positive integer n such that pnm > l. Now
the set 1 + IX + I    Xl + I	 contains l + 1 elements, so there exist
integers i and j with 0 ≤ i < j ≤ l such that Xi ≡ Xj (mod I). Hence,
Xp
nm
Yp
m ≡ Xpnm+j−iYpm mod I
since I is an ideal. We have pnm < pnm + j − i ≤ pnm + l < 2pnm ≤ pnm+1,
so pnm + j − i is not a power of p. Let
r = XpnmYpm −Xpnm+j−iYpm ∈ I
Then
rψ =
(
a
m
pnm
)(
a
m
pnm+j−i
)−1
/∈ B∗m (6)
since by Conditions (B3) and (B4) we have ampnm /∈ B∗m and ampnm+j−i ∈ B∗m.
On the other hand,
rθ2 ∈ Iθ2 ≤ N ∩ ZH2 ≤ B∗m.
while rψ rθ2 ∈ .. Therefore,
rψ ∈ B∗m. ∩G1 = B∗m
in contradiction to (6).
This contradiction establishes that B∗m./. is not closed in the proﬁnite
topology on G.
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